
Holographic Hall System with Momentum Relaxation
(DC Transport Coefficient from Black Hole Horizon)

Yunseok Seo

Hanyang University

January 29, 2015

Based on on-going work
in collaboration with Sang-Jin Sin, Keun-Young Kim and Kyung Kiu Kim

Yunseok Seo Joint winter conference, High1



Introduction

Transport coefficient

Response of the electrical current ~J and the heat current ~Q to an applied electric

field ~E and a temperature gradient ~∇T

Transport coefficient 〈Ji〉

〈Qi〉

 =

 σij αijT

ᾱijT κ̄ijT

 Ej

−(∇jT )/T


σij : Electric conductivity (σxy: Hall conductivity)

αij , ᾱij : Thermoelectric conductivity

κ̄ij : Thermal conductivity

Fractional quantum Hall effect
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Introduction

Transport coefficient

Nernst response: Electric field induced by a thermal gradient, Ei = −ϑij∇jT

ϑij = −
(
σ
−1 · α

)
ij

eN ≡ ϑyx: Nernst signal

ν = eN/B: Nernst coefficient
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Performing explicit calculations of strongly interacting transport is extremely

hard

We apply holography method to understand such interesting phenomena
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DC Transport from Horizon Data

General action with metric, U(1) gauge field, dilaton and “axion”

S =

∫
d4x
√
−g
[
R−

1

2

[
(∂φ)2 + Φ1(φ)(∂χ1)2 + Φ2(φ)(∂χ2)2

]
− V (φ)−

Z(φ)

4
F 2

]
,

(Φi, Z(φ) ≥ 0)

Einstein and field equations

Rµν −
1

2
gµνL −

1

2
(∂µφ)(∂νφ)−

1

2

∑
i=1,2

Φi(φ)(∂µχi)(∂νχi)−
Z(φ)

2
FλµFλν =0

∇µ (Z(φ)Fµν) =0

∇µ (Φi(φ)∇µχi) =0

∇2φ−
1

2

∑
i=1,2

∂Φi

∂φ
(∂χi)

2 −
∂V (φ)

∂φ
−

1

4
F 2 ∂Z(φ)

∂φ
=0
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DC Transport from Horizon Data

Ansatz for background

ds2 = −U(r)dt2 +
1

U(r)
dr2 + ev1dx2 + ev2dy2,

χ1 = k1x, χ2 = k2y

A = a(r)dt+
B

2
(xdy − ydx)

Horizon at r = r0

U ∼ T (r − r0) + · · · , a(r) ∼ a0(r − r0) + · · ·

vi ∼ vi0 + · · · , φ ∼ φ0 + · · · (1)

Symmetric gauge of the gauge potential

Φ1(φ) = Φ2(φ) = Φ(φ), v1(r) = v2(r) = v(r), k1 = k2 = k

Example:

φ(r) = constant, Φ(φ) = 1, Z(φ) = 1, V (φ) = 6

→ Dyonic black hole with momentum relaxation
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DC Transport from Horizon Data

Fluctuations (2014, Donos and Gauntlett)

δAxi = {−Exi + ζxia(r)} t+ δaxi (r)

δGtxi = −ζxiU(r) t+ δgtxi (r)

δGrxi = ev(r)δgrxi (r)

δχi = δχi(r)

Time dependent term contains external source

Exi : External electric field

ζxi = −∇xiT/T : External thermal gradiant

all time dependence in the linearized equations disappears by imposing

background equations of motion
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DC Transport from Horizon Data

Electric current

Jxi ≡ Z(φ)
√
−gFxir

= −Z(φ)
{
U(r)(−εijBδgrxj (r) + δa′xi (r)) + a′(r)δgtxi

}
At the boundary (r →∞), Jxi becomes electric current along xi direction

Maxwell equation

0 = ∂µ
(
Z(φ)

√
−gFxiµ

)
= ∂r

(
Z(φ)

√
−gFxir

)
+ ∂t

(
Z(φ)

√
−gFxit

)
= ∂rJxi −Bεije

−v(r)ζxjZ(φ),

Boundary current

Jxi (∞) = Jxi (r0) +Bεijζxj

∫ ∞
r0

dr′e−v(r
′)Z(φ(r′))

≡ Jxi (r0) +BεijζxjΣ1
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DC Transport from Horizon Data

Heat current

Qxi ≡ U
2(r) ∂r

(
δgtxi (r)

U(r)

)
− a(r)Jxi

At the boundary(r →∞), Qxi → Ttxi − µJxi : heat current

Boudary heat current

Qxi (∞) = Qxi (r0) +BεijExj

∫ ∞
r0

dr′e−v(r
′)Z(φ(r′))

− 2Bεijζxj

∫ ∞
r0

dr′a(r′)e−v(r
′)Z(φ(r′))

≡ Qxi (r0) +BεijExjΣ1 −BεijζxjΣ2. (2)

Boundary currents Jxi , Qxi can be written in terms of functions at the horizon

and definite integration from black hole horizon to boundary

Yunseok Seo Joint winter conference, High1
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DC Transport from Horizon Data

Regularity at the black hole horizon

δaxi (r) ∼ −
Exi
4πT

ln(r − r0) + · · ·

δgtxi (r) ∼ δg
(0)
txi

+ δg
(1)
txi

(r − r0) + · · ·

δgrxi (r) ∼ e
−v(r0)

δg
(0)
txi

U(r0)
+ · · ·

δχxi (r) ∼ χ
(0)
xi + χ

(1)
xi (r − r0) + · · ·

Boundary currents

Jxi (∞) = −(Qe−v0 +Bεije
−v0Z0)δg

(0)
txi

+ ExiZ0 +BεijζxjΣ1

Qxi (∞) = −4πTδg
(0)
txi

+BεijExjΣ1 −BεijζxjΣ2
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DC Transport from Horizon Data

Transport coefficients

σij =
∂Jxi (∞)

∂Exj
= −(Qe−v0 +Bεije

−v0Z0)
∂δg

(0)
txi

∂Exj
+ Z0 δij

αij =
1

T

∂Jxi (∞)

∂ζxj
= −(Qe−v0 +Bεije

−v0Z0)
1

T

∂δg
(0)
txi

∂ζxj
+ εij

B

T
Σ1

ᾱij =
1

T

∂Qxi (∞)

∂Exj
= −4π

δg
(0)
txi

∂Exj
+ εij

B

T
Σ1

κ̄ij =
1

T

∂Qxi (∞)

∂ζxj
= −4π

δg
(0)
txi

∂ζxj
− εij

B

T
Σ2

Einstein equations at the horizon

δg
(0)
tx =

ev0

B2Z0 + k2ev0Φ0

[
BQe−v0δg

(0)
ty −BZ0Ey −QEx − 4πev0Tζx

]
δg

(0)
ty =

ev0

B2Z0 + k2ev0Φ0

[
−BQe−v0δg

(0)
tx −BZ0Ex −QEy − 4πev0Tζy

]
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DC Transport from Horizon Data

Electric transport coefficients

σxx = σxy =
ev0k2Φ0

(
Q2 +B2Z2

0 + ev0k2Z0Φ0

)
B2Q2 +

(
B2Z2

0 + ev0k2Φ0

)2
σxy = −σyx =

BQ
(
Q2 +B2Z2

0 + 2ev0k2Z0Φ0

)
B2Q2 +

(
B2Z2

0 + ev0k2Φ0

)2

Hall angle

tan θH =
σxy

σxx
=

BQ
(
Q2 +B2Z2

0 + 2ev0k2Z0Φ0

)
ev0k2Φ0

(
Q2 +B2Z2

0 + ev0k2Z0Φ0

)
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DC Transport from Horizon Data

Thermoelectric transport coefficients

αxx = αyy =
4πe2v0k2QΦ0

B2Q2 +
(
B2Z2

0 + ev0k2Φ0

)2
αxy = −αyx =

4πev0B
(
Q2 +B2Z2

0 + ev0k2Z0Φ0

)
B2Q2 +

(
B2Z2

0 + ev0k2Φ0

)2 +
B

T
Σ1,

where

Σ1 =

∫ ∞
r0

dr′e−v(r
′)Z(φ(r′))

αij = ᾱij

Nernst signal

eN = −(σ−1 · α)yx

=
ev0k2B

T
·

4πTev0Z2
0Φ0 + Φ0Σ1

(
Q2 +B2Z2

0 + ev0k2Z0Φ0

)
Q4 + 2ev0k2Q2Z0Φ0 + Z2

0

(
B2Q2 + e2v0k4Φ2

0

)
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DC Transport from Horizon Data

Thermoelectric transport coefficients
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Nernst signal

eN = −(σ−1 · α)yx

=
ev0k2B

T
·

4πTev0Z2
0Φ0 + Φ0Σ1

(
Q2 +B2Z2

0 + ev0k2Z0Φ0

)
Q4 + 2ev0k2Q2Z0Φ0 + Z2

0

(
B2Q2 + e2v0k4Φ2

0

)

Yunseok Seo Joint winter conference, High1



DC Transport from Horizon Data

Thermal transport coefficients

κ̄xx = κ̄yy =
16π2Te2v0

(
B2Z0 + ev0k2Φ0

)
B2Q2 +

(
B2Z2

0 + ev0k2Φ0

)2
κ̄xy = −κ̄yx =

16π2Te2v0BQ

B2Q2 +
(
B2Z2

0 + ev0k2Φ0

)2 − B

T
Σ2

where

Σ2 = 2

∫ ∞
r0

dr′a(r′)e−v(r
′)Z(φ(r′)).
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Dyonic Black Hole with Momentum Relaxation

Dyonic black hole solution with momentum relaxation

φ = const. , Φ1 = Φ2 = 1 , V (φ) = − 6
L2 , Z(φ) = 1

S0 =
1

16πG

∫
M
d4x
√
−g
[
R+ 6−

1

4
F 2 −

1

2

2∑
I=1

(∂χI)2

]
−

1

8πG

∫
∂M

d3x
√
−γK

U(r) = r2 −
β2

2
−
m0

r
+
µ2 + q2m

4

r20
r2

, ev1(r) = ev2(r) = r2 ,

k1 = k2 = β , a(r) = µ
(

1−
r0

r

)
, B = qmr0

m0 = r30

(
1 +

µ2 + q2m
4r20

−
β2

2r20

)

T = TH =
U ′(r0)

4π
=

1

4π

(
3r0 −

µ2 + q2m + 2β2

4r0

)
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Dyonic Black Hole with Momentum Relaxation

Electric conductivities

σxx = r20β
2 ·

B2 + r20
(
µ2 + β2

)
r20µ

2B2 +
(
B2 + r20β

2
)2

σxy = r0µB ·
B2 + r20

(
µ2 + 2β2

)
r20µ

2B2 +
(
B2 + r20β

2
)2

Clean limit (β → 0)

σxx = 0, σxy =
r0µ

B
=
Q

B

Electric limit(B → 0)

σxx = 1 +
µ2

β2
, σxy = 0

Hall angle

tan θH ≡
σxy

σxx
=

µB

r0β2
·
B2 + r20(µ2 + 2β2)

B2 + r20(µ2 + β2)
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Dyonic Black Hole with Momentum Relaxation

Thermoelectric conductivities

αxx =
4πr50β

2µ

r20µ
2B2 +

(
B2 + r20β

2
)2

αxy = 4πr30B ·
B2 + r20

(
µ2 + β2

)
r20µ

2B2 +
(
B2 + r20β

2
)2 +

B

T

Nernst signal

eN =
β2B

r0T
·
B2 + r20(4πr0T + µ2 + β2)

µ2B2 + r20(µ2 + β2)2

0 5 10 15 20 25 30

0

10

20

30

40

B

T 2

e N

0 1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

1.0

β

B

T B

Yunseok Seo Joint winter conference, High1
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Dyonic Black Hole with Momentum Relaxation

Thermoelectric conductivities
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Dyonic Black Hole with Momentum Relaxation

Thermal conductivities

κ̄xx = 16πr40T ·
B2 + r20β

2

r20µ
2B2 +

(
B2 + r20β

2
)2

κ̄xy =
16π2r50µTB

r20µ
2B2 +

(
B2 + r20β

2
)2 − µB

T
.

Comparison to numerical calculation
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Dyonic Black Hole with Momentum Relaxation

Thermal conductivities
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Conlusion

We derive general DC transport coefficients in general background with

momentum relaxation by requiring regularity condition at the black hole horizon

We apply our general formula to the dyonic black hole background and

calculation DC transport coefficient

We find dyonic black hole give large value of Nernst signal which indicates the

existence of vortex fluid above TC

We check DC transport results exactly match numerical calculation from different

approach

We also calculate AC transport coefficient and investigating impurity effect of

cyclotron frequency.
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Discussion

Thank you !!!
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